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Abstract

I compute the complete two-loop e�ective potential for the minimal supersymmetric stan-
dard model in the Landau gauge. This enables an accurate determination of the mini-
mization conditions for the vacuum expectation values of the Higgs �elds. Checks on the
result follow from supersymmetric limits and from renormalization-scale invariance. The
renormalization group equations for the �eld-independent vacuum energy and the vacuum
expectation values are also presented. I provide numerical examples showing the improved
accuracy and scale dependence obtained with the full two-loop e�ective potential.
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1 Introduction

The mechanism of electroweak symmetry breaking will be the principal focus of experimental

investigations at the high-energy frontier for the next decade. Supersymmetry provides a highly

predictive mechanism for addressing the hierarchy problem associated with the electroweak sym-

metry breaking scale. If supersymmetry is correct, then interpretations of future experimental

data will rely on precise theoretical calculations in candidate models of supersymmetry breaking.

The e�ective potential [1]-[3] approach allows the computation of the vacuum expectation values

(VEVs) of Higgs �elds in terms of the underlying Lagrangian parameters of a given theory.

The scalar potential of the Minimal Supersymmetric Standard Model (MSSM; for reviews,

see [4]-[6]) is notoriously sensitive to radiative corrections. At tree level, the Higgs �eld quartic

couplings are proportional to a sum of squares of electroweak gauge couplings and are therefore

known not to be very large. Furthermore, they actually vanish along a D-at direction in �eld
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space. These facts ensures the existence of at least one light Higgs scalar boson, corresponding

to a shallow direction in the e�ective potential for the Higgs vacuum expectation values. The

same facts also imply that the minimization conditions for the scalar potential depend very

signi�cantly on radiative corrections.

Previous results for the e�ective potential in the MSSM have included the full one-loop con-

tributions [7] and partial two-loop corrections [8]-[11] including the e�ects of the QCD coupling

and the top and bottom Yukawa couplings. Including these contributions mitigates the scale-

dependence of the tree-level e�ective potential. However, I �nd that there is still a signi�cant

scale dependence and overall error compared to the uncertainties in theoretical quantities that

may eventually be obtained at future experiments, especially at a linear e+e� collider. In this

paper, I will present the result for the full two-loop e�ective potential of the MSSM, in the

Landau gauge and in the DR
0
[12] regularization and renormalization scheme. This is an appli-

cation of the results given in ref. [13] for a general �eld theory. The DR
0
scheme is the variant

of the DR scheme [14] in which the e�ects of unphysical epsilon-scalars masses are removed by

parameter rede�nitions [12, 13].

The two-loop e�ective potential for a general renormalizable theory can be written as

Ve� = V (0) +
1

16�2
V (1) +

1

(16�2)2
V (2): (1.1)

Here V (0) is the tree-level contribution. In the DR
0
scheme, the one-loop contribution is

V (1) =
X
n

(�1)2sn(2sn + 1)h(m2
n); (1.2)

where sn = 0; 1=2; 1 for real scalars, two-component fermions, and vector �elds, respectively,

with �eld-dependent tree-level squared masses m2
n. The one-loop function is

h(x) =
x2

4

h
ln(x=Q2)� 3=2

i
; (1.3)

where Q is the renormalization scale. The two-loop contribution always has the form

V (2) =
X
n;p

�nnppFnp(m
2
n;m

2
p) +

X
n;p;q

j�npqj2Fnpq(m2
n;m

2
p;m

2
q); (1.4)

where �npqr and �npq are tree-level �eld-dependent four- and three-particle couplings, and Fnp

and Fnpq are Q-dependent functions of the m2
n, depending on the particle types. The two-loop

functions can be evaluated analytically using various methods developed in [15]-[19]. In general,

one can write the results in terms of 10 basis functions, corresponding to the one-particle-

irreducible connected vacuum graphs shown in Figure 1. These functions were given explicitly

in ref. [13].
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SSS SS FFS FFS

SSV V S V V S FFV

FFV V V V V V ggV

Figure 1: The one-particle-irreducible connected Feynman diagrams contributing to the two-loop ef-
fective potential. Dashed lines denote real scalars, solid lines denote Weyl fermions carrying helicity
along the arrow direction, wavy lines are for vector bosons, and dotted lines are for ghosts. The large
dots between opposing arrows on the fermion lines in the FFS and FFV diagrams denote mass inser-
tions. The FFS diagram is accompanied by its complex conjugate (the same diagram with all arrows
reversed). The e�ects of the VV, VVV, and ggV diagrams can always be combined into a \gauge"
contribution. The loop integral functions associated with these Feynman diagrams are given explicitly
in ref. [13].
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In the MSSM, there are two Higgs VEVs, vu and vd. The evaluation of the two-loop ef-

fective potential as a function of the VEVs reduces to determination of the relevant tree-level

�eld-dependent couplings and masses. I will do this in the approximation of no Yukawa or

avor-violating couplings for the �rst two families of (s)quarks and (s)leptons. However, all

remaining complex phases which cannot be rotated away are maintained. The resulting expres-

sions presented here are complicated, but suitable for direct evaluation by computer programs.

The rest of this paper is organized as follows. In section 2, I describe necessary conventions

and de�ne some coeÆcients used in the calculation. Section 3 contains the expressions for the

e�ective potential in the MSSM up to two-loop order. Section 4 discusses supersymmetric limits

of the e�ective potential. In section 5, I present two-loop results for the Higgs scalar anomalous

dimensions and the beta function of the vacuum energy. These are necessary for checking the

scale-independence of the e�ective potential. Section 6 treats a numerical example.

2 Conventions and setup

In this section, I list the necessary facts and conventions used in this paper. The MSSM is a

softly-broken supersymmetric theory, with SU(3)c�SU(2)L�U(1)Y gauge couplings g3, g, and

g0. The last is related to the GUT normalized coupling g1 by g0 =
q
3=5 g1. The superpotential

of the MSSM is:

W = uYuQHu � dYdQHd � eYeLHd + �HuHd; (2.1)

where Hu and Hd are the Higgs chiral super�elds, and the Q;L are the chiral super�elds con-

taining left-handed quarks and leptons and u; d; e are those containing the conjugates of the

right-handed quarks and leptons. The quark and lepton super�elds carry a suppressed family

index, so that Yu, Yd, Ye are 3 � 3 matrices in family space. Gauge indices for SU(2)L and

SU(3)c are also suppressed, as in ref. [6]. The Higgs mass parameter � can have an arbitrary

phase. The soft supersymmetry-breaking part of the Lagrangian is:

�Lsoft =
�1
2
M1

eB eB +
1

2
M2

fW fW +
1

2
M3egeg

+uauQHu � dadQHd � eaeLHd + bHuHd

�
+ c:c:

+m2
Hu
jHuj2 +m2

Hd
jHdj2

+Qym2
QQ+ Lym2

LL+ um2
uu

y + dm2
dd

y
+ em2

ee
y: (2.2)

where eB, fW , and eg are the bino, wino, and gluino �elds, and the same symbols are used for

scalar �elds as for the corresponding super�elds. Here, au, ad, ae are scalar cubic couplings in

the form of 3� 3 matrices in family space. The Higgs �elds have soft supersymmetry-breaking
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squared-mass running parameters m2
Hu
, m2

Hd
, and b. The �rst two of these are necessarily real,

and by convention b is taken to be real at the renormalization scale Q at which the e�ective

potential is to be minimized. This can always be achieved by a suitable �eld rephasing, and

ensures that the VEVs obtained by minimizing the full e�ective potential will also be real. The

squarks and sleptons have running soft supersymmetry-breaking squared masses m2
Q, m

2
L, m

2
u,

m2
d, and m2

e, which are 3 � 3 Hermitian matrices in avor space.

The gauge-eigenstate complex scalar doublet Higgs �elds that are components of left-handed

chiral super�elds are called Hu = (H+
u ;H

0
u) and Hd = (H0

d ;H
�
d ). The electrically-neutral com-

ponents have real positive VEVs vu and vd respectively. The �eld-dependent tree-level squared

masses for vector bosons are then given by

m2
W =

g2

2
(v2u + v2d); (2.3)

m2
Z =

g2 + g02

2
(v2u + v2d): (2.4)

The tree-level Higgs potential is

V = �+ (j�j2 +m2
Hu
)(jH0

uj2 + jH+
u j2) + (j�j2 +m2

Hd
)(jH0

d j2 + jH�
d j2)

+ b (H+
u H

�
d �H0

uH
0
d ) + c:c:

+
1

8
(g2 + g02)(jH0

uj2 + jH+
u j2 � jH0

d j2 � jH�
d j2)2 +

g2

2
jH+

u H
0�
d +H0

uH
��
d j2: (2.5)

Here � is a running �eld-independent vacuum energy, which must be included to maintain

renormalization-scale independence of the e�ective potential [20]-[23]. The neutral Higgs scalar

tree-level squared masses are obtained by diagonalizing the matrices:

m2
�0
R

=

 j�j2 +m2
Hu

+ g2+g02

4 (3v2u � v2d) �b� (g2 + g02)vuvd=2

�b� (g2 + g02)vuvd=2 j�j2 +m2
Hd

+ g2+g02

4 (3v2d � v2u)

!
; (2.6)

m2
�0
I

=

 j�j2 +m2
Hu

+ g2+g02

4 (v2u � v2d) b

b j�j2 +m2
Hd

+ g2+g02

4
(v2d � v2u)

!
; (2.7)

which are written in the (Re[H0
u];Re[H

0
d ]) and (Im[H

0
u]; Im[H

0
d ]) bases, respectively. The complex

charge �1 Higgs scalar tree-level squared masses are obtained by diagonalizing the matrix

m2
�� =

 j�j2 +m2
Hu

+ g2+g02

4 v2u +
g2�g02

4 v2d b+ g2vuvd=2

b+ g2vuvd=2 j�j2 +m2
Hd

+ g2+g02

4 v2d +
g2�g02

4 v2u

!
; (2.8)

which is written in the (H+
u ;H

��
d ) basis. The gauge-eigenstate �elds can be expressed in terms

of the tree-level squared-mass eigenstate �elds as:�
H0
u

H0
d

�
=

�
vu
vd

�
+

1p
2
R�

�
h0

H0

�
+

ip
2
R�0

�
G0

A0

�
(2.9)
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and �
H+
u

H��
d

�
= R��

�
G+

H+

�
; (2.10)

where G0 and G� are Nambu-Goldstone �elds, h0;H0; A0, and H� are the physical Higgs tree-

level mass-eigenstate �elds, and

R� =
�

c� s�
�s� c�

�
; R�0 =

�
s�0 c�0
�c�0 s�0

�
; R�� =

�
s�� c��
�c�� s��

�
(2.11)

are orthogonal matrices determined by the requirements that:

R�1
� m2

�0
R
R� =

�
m2

h0 0
0 m2

H0

�
; (2.12)

R�1
�0
m2

�0
I
R�0 =

�
m2

G0 0
0 m2

A0

�
; (2.13)

R�1
��
m2

��R�� =
�
m2

G� 0
0 m2

H�

�
: (2.14)

These equations de�ne the tree-level squared mass eigenvalues for the Higgs scalar sector and

the mixing angles �, �0 and ��. Here I use a notation in which c and s with a subscript indicate

the cosine and sine of the indicated angle. So, in accord with the orthogonality of the rotation

matrices, c� means cos�, etc. Similarly, in the following, c2� is taken to mean cos(2�), and so

on. Also, for future convenience, de�ne coeÆcients

kuh0 = kdH0 = c�; kuH0 = �kdh0 = s�; (2.15)

kuG0 = kdA0 = is�0; kuA0 = �kdG0 = ic�0; (2.16)

kuG+ = kdH+ = s��; kuH+ = �kdG+ = c��: (2.17)

Conventionally, c�, c�0, and c�� are taken to be positive. Because the minimum of the e�ective

potential is not a minimumof the tree-level potential, the angles �0 and �� for the rotations in the

pseudo-scalar and charged Higgs sector are distinct from each other, and from � = tan�1(vu=vd)

at the minimum of the e�ective potential. Some care should be used to distinguish these. Also,

note that unlike the case in the ordinary Standard Model, m2
G0 6= m2

G� at tree level. Note also

that even with arbitrary CP-violating phases, there is no mixing in the tree-level squared masses

of the neutral scalar (h0;H0) and the pseudo-scalar (G0; A0) sectors, because of the freedom to

choose the argument of b to be 0 at any particular renormalization scale Q.

In section 3,
X
�0

and
X
��

will appear, denoting sums over the lists

�0 = (h0;H0; G0; A0) and �� = (G�;H�) (2.18)

respectively.
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The neutralinos ( ~Ni; i = 1; 2; 3; 4) and charginos ( eC�
i ; i = 1; 2) are mixtures of the elec-

troweak gaugino and Higgsino �elds. In the ( eB; fW 0;fH0
d ;
fH0
u) gauge-eigenstate basis, the neu-

tralino mass matrix is

M ~N =

0BBB@
M1 0 �g0vd=

p
2 g0vu=

p
2

0 M2 gvd=
p
2 �gvu=

p
2

�g0vd=
p
2 gvd=

p
2 0 ��

g0vu=
p
2 �gvu=

p
2 �� 0

1CCCA : (2.19)

This is diagonalized by a unitary matrix N :

N�M ~NN
�1 = diag(m ~N1

;m ~N2
;m ~N3

;m ~N4
); (2.20)

where the mass eigenvalues m ~Ni
are all real and positive. This can always be accomplished (for

any phases of M1, M2, and �) by the following procedure. First, de�ne E to be a matrix whose

columns are orthonormal eigenvectors of the Hermitian squared-mass matrixMy
~N
M ~N , arranged

in order of increasing eigenvalue. The orthonormality means that EyE = 1. It follows that

ETM ~NE = P 2mD; (2.21)

where mD is the matrix on the right-hand side of eq. (2.20), and P is a diagonal phase matrix.

Then

N = PEy (2.22)

satis�es eq. (2.20), and also

NMy
~N
M ~NN

�1 = diag(m2
~N1
;m2

~N2
;m2

~N3
;m2

~N4
): (2.23)

This procedure gives the tree-level �eld-dependent neutralino squared masses and mixing matrix

Nij. (A suitable generalization of this method can be used to transform the mass and squared-

mass matrices into a real positive diagonal form for any fermions in any theory.)

The tree-level chargino mass matrix is given by

M ~C =
�
M2 gvu
gvd �

�
; (2.24)

and is similarly diagonalized by unitary matrices U and V according to:

U�M ~CV
y =

�
m ~C1

0
0 m ~C2

�
(2.25)

where again m ~Ci
are real and positive. Then

V My
~C
M ~CV

�1 = UM�
~CM

T
~CU

�1 =

 
m2

~C1
0

0 m2
~C2

!
: (2.26)
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The tree-level squared mass of the gluino, denoted m2
~g = jM3j2, does not depend on the

VEVs vu and vd.

In most of this paper, I will employ the approximation that only the third-family Yukawa

couplings yt, yb, and y� are signi�cant, so that:

Yu =

0B@ 0 0 0
0 0 0
0 0 yt

1CA ; Yd =

0B@ 0 0 0
0 0 0
0 0 yb

1CA ; Ye =

0B@ 0 0 0
0 0 0
0 0 y�

1CA : (2.27)

By suitable �eld rede�nitions, they can be chosen real and positive. The non-zero quark and

lepton squared masses are therefore:

m2
t = y2t v

2
u; m2

b = y2bv
2
d; m2

� = y2�v
2
d: (2.28)

(E�ects of the other Yukawa couplings are certainly smaller than the dominant 3-loop order

contributions.)

I will also assume here that the soft supersymmetry-breaking scalar cubic couplings involving

�rst- and second-family sfermions vanish, so

au =

0B@ 0 0 0
0 0 0
0 0 at

1CA ; ad =

0B@ 0 0 0
0 0 0
0 0 ab

1CA ; ae =

0B@ 0 0 0
0 0 0
0 0 a�

1CA ; (2.29)

and that, in the same basis, the soft supersymmetry-breaking scalar squared mass parameters

are diagonal in family space, so

m2
Q =

0B@m2
Q1

0 0
0 m2

Q2
0

0 0 m2
Q3

1CA ; etc: (2.30)

The parametersy at, ab, and a� can in general be complex, and m2
Q1;2;3

etc. are real soft running

DR
0
squared mass parameters. The squared masses of the �rst-family squarks and sleptons are

then given by:

m2
~uL

= m2
Q1

+�~uL; m2
~dL

= m2
Q1

+� ~dL
; (2.31)

m2
~uR

= m2
u1
+�~uR; m2

~dR
= m2

d1
+� ~dR

; (2.32)

m2
~�e = m2

L1
+�~�e; m2

~eL
= m2

L1
+�~eL; (2.33)

m2
~eR

= m2
e1
+�~eR; (2.34)

The D-term contributions are:

� ~f =
1

2
(I ~fg

2 � Y ~fg
02)(v2d � v2u); (2.35)

with I ~f and Y ~f de�ned to be the third component of weak isospin and the weak hypercharge of

the left-handed chiral super�eld containing the squark or slepton ef :
yIn the literature, one often sees rescaled quantities At = at=yt, Ab = ab=yt, A� = a�=y� , and B = b=�.
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euL edL e�e eeL euR edR eeR
I ~f 1=2 �1=2 1=2 �1=2 0 0 0

Y ~f 1=6 1=6 �1=2 �1=2 �2=3 1=3 1

Exactly analogous expressions hold for the second-family squark and slepton squared masses

m2
~cL
, m2

~sL
, m2

~cR
, m2

~sR
, m2

~��, m
2
~�L
, and m2

~�R
, with the subscripts 1 replaced by 2 on the right-hand

sides of eqs. (2.31)-(2.34).

For the stop, sbottom, stau, and stau-neutrino squared masses:

m2
~t =

�
m2

Q3
+ y2t v

2
u +�~uL vua

�
t � vd�yt

vuat � vd�
�yt m2

u3
+ y2t v

2
u +�~uR

�
; (2.36)

m2
~b

=
�
m2

Q3
+ y2bv

2
d +� ~dL

vda
�
b � vu�yb

vdab � vu�
�yb m2

d3
+ y2bv

2
d +�dR

�
; (2.37)

m2
~� =

�
m2

L3
+ y2�v

2
d +�~eL vda

�
� � vu�y�

vda� � vu�
�y� m2

e3
+ y2�v

2
d +�~eR

�
; (2.38)

m2
~�� = m2

~L3
+�~�e: (2.39)

Here the stop, sbottom and stau squared mass matrices are given in the ( efL; efR) bases. The

eigenvalues of eqs. (2.36)-(2.38) give the squared mass eigenvalues m2
~ti
, m2

~bi
, and m2

~�i
for i = 1; 2.

The squared-mass matrices are diagonalized by unitary transformations:� efLefR
�
= X ~f

� ef1ef2
�

(2.40)

for f = t; b; � , with

X ~f =
�
L ~f1

L ~f2
R ~f1

R ~f2

�
; (2.41)

so that

X�1
~t
m2

~tX~t =

 
m2

~t1
0

0 m2
~t2

!
; (2.42)

and similarly for the sbottoms and staus. Unitarity of the matrix X ~f allows one to write

L ~f1
= R�

~f2
= c ~f , and R ~f1

= �L�
~f2
= s ~f , with

jc ~f j2 + js ~f j2 = 1: (2.43)

(If the o�-diagonal elements of the squared mass matrix are real, then c ~f and s ~f are the sine

and cosine of a sfermion mixing angle.) In the following, I will also make use of coeÆcients:

x ~f = I ~f ; ( ~f = �rst or second family sfermion); (2.44)

x~ti =
1

2
jL~tij2; x~bi = �

1

2
jL~bi

j2; x~�� =
1

2
; x~�i = �

1

2
jL~�ij2; (2.45)
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and

x0~f = Y ~f ; ( ~f = �rst or second family sfermion); (2.46)

x0~ti =
1

6
jL~tij2 �

2

3
jR~tij2; x0~bi =

1

6
jL~bi
j2 + 1

3
jR~bi

j2; (2.47)

x0~�i = �
1

2
jL~�ij2 + jR~�ij2; x0~�� = �

1

2
: (2.48)

When
X
~f

appears in section 3, it will denote a sum over the list

~f = (euL; edL; euR; edR; e�e; eeL; eeR; ecL; esL; ecR; esR; e��; e�L; e�R; et1; et2; eb1; eb2; e�� ; e�1; e�2): (2.49)

The symbol

n ~f =

8<: 1; ~f = slepton

3; ~f = squark
(2.50)

denotes the number of colors.

To summarize, evaluation of the e�ective potential can proceed as follows. At a renor-

malization scale Q, choose values for the set of input data consisting of the 33 DR
0
running

parameters:

vu; vd; (2.51)

g3; g; g
0; yt; yb; y� ; (2.52)

m2
Qi
; m2

Li
; m2

ui
; m2

di
; m2

ei
; (i = 1; 2; 3) (2.53)

m2
Hu
; m2

Hd
; b; �; (2.54)

M3; M2; M1; at; ab; a� ; (2.55)

of which the last 7 may be complex. Using the preceding protocols, evaluate the mixing param-

eters

�; �0; ��; (2.56)

Nij; Uij; Vij ; (2.57)

L~ti; R~ti; L~bi
; R~bi

; L~�i; R~�i; (2.58)

and the 39 distinct �eld-dependent tree-level squared masses:

m2
W ; m

2
Z; (2.59)

m2
h0; m

2
H0; m2

G0; m2
A0 ; m2

G� ; m
2
H�; (2.60)

m2
~g; m

2
~Ni
; m2

~Ci
; (2.61)
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m2
t ;m

2
b;m

2
� ; (2.62)

m2
~uL
; m2

~dL
; m2

~uR
; m2

~dR
; m2

~�e; m
2
~eL
; m2

~eR
; (2.63)

m2
~cL
; m2

~sL
; m2

~cR
; m2

~sR
; m2

~��; m
2
~�L
; m2

~�R
; (2.64)

m2
~t1
; m2

~t2
; m2

~b1
; m2

~b2
; m2

~��
; m2

~�1
; m2

~�2
: (2.65)

These squared masses (and implicitly Q) then become arguments for the functions FSSS, FSS,

FFFS, FFFS, FSSV , FV S, FV V S , FFFV , FFFV , and Fgauge appearing in the next section, and

de�ned explicitly in eqs. (2.17)-(2.22), (4.12)-(4.16), and (6.21)-(6.30) of ref. [13]. (For the sake

of uniformity of notation, I use the symbols FSSS, FSS, FFFS, FFFS , and FSSV in place of fSSS ,

fSS, fFFS , fFFS, and fSSV for the functions which are the same in the MS and DR
0
schemes.

All two-loop functions used in the present paper are DR
0
ones.) To simplify the notation, I

adopt the convention that the name of a particle is synonymous with its squared mass when

appearing as an argument of one of these functions. So, for example, FSSS(h0; A0; G0) means

FSSS(m2
h0;m

2
A0 ;m2

G0
).

3 MSSM e�ective potential

3.1 Tree-level and one-loop contributions

The tree-level contribution to the e�ective potential for vu and vd is:

V (0) = �+ (j�j2 +m2
Hu
)v2u + (j�j2 +m2

Hd
)v2d � 2bvuvd +

1

8
(g2 + g02)(v2u � v2d)

2: (3.1)

The one-loop contribution in the DR
0
scheme is:

V (1) =
X
�0

h(�0) + 2
X
��

h(��) + 2
X
~f

n ~fh(
~f)� 2

4X
i=1

h( ~Ni)� 4
2X
i=1

h( eCi)

�16h(eg)� 12h(t) � 12h(b) � 4h(� ) + 3h(Z) + 6h(W ); (3.2)

where h(x) is the function de�ned in eq. (1.3), and the name of each particle is used to denote

its squared mass.

3.2 SSS-diagram contributions

In this subsection, I list the contributions to the MSSM two-loop e�ective potential from dia-

grams with three scalar propagators. These all involve the function FSSS(x; y; z), with arguments

x; y; z equal to tree-level �eld-dependent scalar squared masses.
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The contributions from diagrams with three Higgs scalar propagators are:

V
(2)
�0�0�0

=
(g2 + g02)2

32

"
(c�vu + s�vd)

2
�
3c22�FSSS(h

0; h0; h0) + 2s22�0FSSS(h
0; A0; G0)

+c22�0[FSSS(h
0; G0; G0) + FSSS(h

0; A0; A0)]
�

+(s�vu � c�vd)
2
�
3c22�FSSS(H

0;H0;H0) + 2s22�0FSSS(H
0; A0; G0)

+c22�0[FSSS(H
0; G0; G0) + FSSS(H

0; A0; A0)]
�

+[s�(1� 6c2�)vu + c�(1� 6s2�)vd]
2FSSS(h

0; h0;H0)

+[s�(1� 6c2�)vd � c�(1 � 6s2�)vu]
2FSSS(h

0;H0;H0)

#
(3.3)

and

V
(2)
�0����

=
1

16

(
2
h
g2c2��(s�vu � c�vd) + g02s2��(c�vu + s�vd)

i2
FSSS(h

0; G�;H�)

+2
h
g2c2��(c�vu + s�vd)� g02s2��(s�vu � c�vd)

i2
FSSS(H

0; G�;H�)

+
h
g2(c�vu � s�vd) + g2s2��(s�vu � c�vd)� g02c2��(c�vu + s�vd)

i2
FSSS(h

0; G�; G�)

+
h
g2(c�vu � s�vd)� g2s2��(s�vu � c�vd) + g02c2��(c�vu + s�vd)

i2
FSSS(h

0;H�;H�)

+
h
g2(s�vu + c�vd)� g2s2��(c�vu + s�vd)� g02c2��(s�vu � c�vd)

i2
FSSS(H

0; G�; G�)

+
h
g2(s�vu + c�vd) + g2s2��(c�vu + s�vd) + g02c2��(s�vu � c�vd)

i2
FSSS(H

0;H�;H�)

+2g4(c�0vu � s�0vd)
2FSSS(G

0; G�;H�) + 2g4(s�0vu + c�0vd)
2FSSS(A

0; G�;H�)

)
: (3.4)

The contributions from diagrams with two sfermions and a neutral Higgs scalar are:

V
(2)

�0 ~f ~f 0
=

1

2

X
�0; ~f; ~f 0

n ~f j��0 ~f ~f 0�j2FSSS(�0; ef; ef 0): (3.5)

The couplings involving �rst- and second-family sfermions, and the tau sneutrino, are non-zero

only when ef = ef 0. They are given by:

��0 ~f ~f� =
1p
2

�
I ~fg

2 � Y ~fg
02
�
Re[ku�0vu � kd�0vd]; (3.6)

with I ~f ; Y ~f de�ned in section 2. The remaining couplings for the third-family sfermions are:

��0~ti~t�j = L~tiL
�
~tj
��0~uL~u�L +R~tiR

�
~tj
��0~uR~u�

R
�
p
2vuy

2
tRe[ku�0](L~tiL

�
~tj
+R~tiR

�
~tj
)

� 1p
2
(ku�0at � k�d�0�

�yt)L~tiR
�
~tj
� 1p

2
(k�u�0a

�
t � kd�0�yt)R~tiL

�
~tj
; (3.7)

��0~bi~b�j
= L~bi

L�
~bj
��0 ~dL ~d�

L
+R~bi

R�
~bj
��0 ~dR ~d�

R
�
p
2vdy

2
bRe[kd�0](L~bi

L�
~bj
+R~bi

R�
~bj
)
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� 1p
2
(kd�0ab � k�u�0�

�yb)L~bi
R�
~bj
� 1p

2
(k�d�0a

�
b � ku�0�yb)R~bi

L�
~bj
; (3.8)

��0~�i~��j = L~�iL
�
~�j��0~eL~e�L +R~�iR

�
~�j��0~eR~e�

R
�
p
2vdy

2
�Re[kd�0](L~�iL

�
~�j +R~�iR

�
~�j)

� 1p
2
(kd�0a� � k�u�0�

�y�)L~�iR
�
~�j
� 1p

2
(k�d�0a

�
� � ku�0�y� )R~�iL

�
~�j
: (3.9)

The contributions from diagrams with two sfermions and a charged Higgs scalar are:

V
(2)

�� ~f ~f 0
=

X
�+; ~f; ~f 0

n ~f j��+ ~f ~f 0�j2FSSS(��; ef; ef 0): (3.10)

Here the non-zero couplings involving the �rst- and second-family sfermions are:

��+~eL~��e
= ��+ ~�L~���

= ��+ ~dL~u
�
L
= ��+~sL~c�L

= �g
2

2
(ku�+vu + kd�+vd); (3.11)

and those involving the third-family sfermions are:

��+~bi~t�j
= L~bi

L�
~tj

�
��+ ~dL~u�L

+ y2t vuku�+ + y2bvdkd�+
�
+R~bi

R�
~tj
ytyb(kd�+vu + ku�+vd)

+L~bi
R�

~tj
(ku�+at + kd�+�

�yt) +R~bi
L�
~tj
(kd�+a

�
b + ku�+�yb); (3.12)

��+~�i~���
= L~�i

�
��+~eL~��e

+ y2�vdkd�+
�
+R~�i(kd�+a

�
� + ku�+�y� ): (3.13)

3.3 SS-diagram contributions

In this subsection, I list the contributions to the MSSM two-loop e�ective potential which come

from diagrams with two scalar �eld propagators. They all involve the function FSS(x; y).

The contributions proportional to g23 are:

V
(2);g2

3

~q~q = 2g23

� 2X
i;j=1

h
jL~tiL

�
~tj
�R~tiR

�
~tj
j2FSS(eti; etj) + jL~bi

L�
~bj
�R~bi

R�
~bj
j2FSS(ebi; ebj)i

+FSS(euL; euL) + FSS(euR; euR) + FSS( edL; edL) + FSS( edR; edR)
+FSS(ecL; ecL) + FSS(ecR; ecR) + FSS(esL; esL) + FSS(esR; esR)�: (3.14)

The contributions from diagrams with two Higgs scalar propagators are:

V
(2)
�0�0

=
g2 + g02

32

�
3c22�[FSS(h

0; h0) + FSS(H
0;H0)] + 3c22�0[FSS(A

0; A0) + FSS(G
0; G0)]

+(4� 6c22�)FSS(h
0;H0) + (4� 6c22�0)FSS(A

0; G0)

+2c2�c2�0[FSS(h
0; A0) + FSS(H

0; G0)� FSS(h
0; G0) � FSS(H

0; A0)]
�
; (3.15)

V
(2)
����

=
g2 + g02

4

n
c22��[FSS(H

�;H�) + FSS(G
�; G�)] + (1� 2c22��)FSS(H

�; G�)
o
; (3.16)

V
(2)
�0��

=
1

8

�
[g2(1� s2�s2��) + g02c2�c2��][FSS(h

0;H�) + FSS(H
0; G�)]
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+[g2(1 + s2�s2��)� g02c2�c2��][FSS(h
0; G�) + FSS(H

0;H�)]

+[g2(1 � s2�0s2��) + g02c2�0c2��][FSS(A
0;H�) + FSS(G

0; G�)]

+[g2(1 + s2�0s2��)� g02c2�0c2��][FSS(A
0; G�) + FSS(G

0;H�)]
�
: (3.17)

The contributions from diagrams involving electroweak gauge couplings and one sfermion

and one Higgs scalar propagator are:

V
(2);g2;g02

~f�0
=

1

4

X
~f

X
�0

n ~f (x ~fg
2 � x0~fg

02)(jkd�0j2 � jku�0 j2)FSS( ef ; �0); (3.18)

V
(2);g2;g02

~f��
=

1

2

X
~f

X
��

n ~f (x ~fg
2 + x0~fg

02)(k2u�+ � k2d�+)FSS(
ef; ��): (3.19)

The contributions from diagrams involving electroweak gauge couplings and two sfermion

propagators are:

V
(2);g2

~f ~f
=

g2

2

�X
~f; ~f 0

n ~fn ~f 0x ~fx ~f 0FSS(
ef; ef 0) +X

~f

n ~fx
2
~f
FSS( ef; ef)

+
3

2
jL~t1L~t2j2FSS(et1; et2) + 3

2
jL~b1

L~b2
j2FSS(eb1; eb2) + 1

2
jL~�1L~�2j2FSS(e�1; e�2)

+3
h
FSS(~uL; ~dL) + FSS(~cL; ~sL) +

2X
i;j=1

jL~tiL~bj
j2FSS(eti; ebj)i

+FSS(~eL; ~�e) + FSS(~�L; ~��) +
2X
i=1

jL~�ij2FSS(e�i; ~��)�; (3.20)

V
(2);g02

~f ~f
=

g02

2

�X
~f; ~f 0

n ~fn ~f 0x
0
~fx

0
~f 0FSS(

~f; ~f 0) +
X
~f

n ~fx
02
~f FSS(

~f; ~f)

+
1

6
jL~t1L

�
~t2
� 4R~t1R

�
~t2
j2FSS(et1; et2) + 1

6
jL~b1

L�
~b2
+ 2R~b1

R�
~b2
j2FSS(eb1; eb2)

+
1

2
jL~�1L

�
~�2 � 2R~�1R

�
~�2j2FSS(e�1; e�2)

�
: (3.21)

The contributions from diagrams involving Yukawa couplings and one sfermion and one Higgs

scalar propagator are:

V
(2);y2

~f�0
=

X
�0

2X
i=1

�
3

2
y2t jku�0 j2FSS(eti; �0) + 3

2
y2b jkd�0 j2FSS(ebi; �0) + y2�

2
jkd�0 j2FSS(e�i; �0)�; (3.22)

V
(2);y2

~f��
=

X
��

� 2X
i=1

n
3(y2t jR~tij2k2u�+ + y2b jL~tij2k2d�+)FSS(eti; ��) + y2� jR~�ij2k2d��FSS(e�i; ��)

+3(y2t jL~bi
j2k2u�+ + y2b jR~bi

j2k2d�+)FSS(ebi; ��)o+ y2�k
2
d��FSS(e�� ; ��)�: (3.23)

The contributions from diagrams involving Yukawa couplings and two sfermion propagators are:

V
(2);y2

~f ~f
=

2X
i;j=1

�
y2t (3jL~tiR~tj j2 + 9L~tiR

�
~ti
R~tjL

�
~tj
)FSS(eti; etj)
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+y2b (3jL~bi
R~bj
j2 + 9L~bi

R�
~bi
R~bj

L�
~bj
)FSS(ebi; ebj) + y2�

2
jL~�iR~�j +R~�iL~�j j2FSS(e�i; e�j)

+3(y2t jR~tiL~bj
j2 + y2b jL~tiR~bj

j2)FSS(eti; ebj) + 6yby�Re[L~bi
R�
~bi
R~�jL

�
~�j ]FSS(

ebi; e�j)�

+y2�

2X
i=1

jR~�ij2FSS(e�i; e�� ): (3.24)

3.4 FFS-diagram and FFS-diagram contributions

In this subsection I list the contributions to the MSSM two-loop e�ective potential from diagrams

involving scalars and fermions. These include the FFS diagrams (without chirality-ipping

fermionmass insertions) and the FFS diagrams (which do have two such fermionmass insertions

on di�erent propagators). They therefore involve the functions FFFS(x; y; z) and FFFS(x; y; z).

The contributions from diagrams involving the gluino are given by:

V
(2)
q~g~q = 8g23

� 2X
i=1

h
FFFS(t; eg; eti)� 2Re[L~tiR

�
~ti
]mtm~gFFFS(t; eg; eti)

+FFFS(b; eg; ebi)� 2Re[L~bi
R�
~bi
]mbm~gFFFS(b; eg; ebi)i

+FFFS(0; eg; euL) + FFFS(0; eg; edL) + FFFS(0; eg; euR) + FFFS(0; eg; edR)
+FFFS(0; eg; ecL) + FFFS(0; eg; esL) + FFFS(0; eg; ecR) + FFFS(0; eg; esR)�: (3.25)

The contributions from diagrams involving neutralinos, chiral fermions, and sfermions are:

V
(2)

f ~N ~f
=

4X
i=1

(
2X

j=1

�
3(jYt ~Ni~t�j

j2 + jYt ~Ni~tj
j2)FFFS(t; ~Ni; etj) + 6Re[Yt ~Ni~t�j

Yt ~Ni~tj
]mtm ~Ni

FFFS(t;
~Ni; etj)

+3(jYb ~Ni
~b�
j
j2 + jY

b ~Ni
~bj
j2)FFFS(b; ~Ni; ebj) + 6Re[Yb ~Ni

~b�
j
Y
b ~Ni

~bj
]mbm ~Ni

FFFS(b;
~Ni; ebj)

+(jY� ~Ni~��j
j2 + jY� ~Ni~�j

j2)FFFS(�; ~Ni; e�j) + 2Re[Y� ~Ni~��j
Y� ~Ni~�j

]m�m ~Ni
FFFS(�;

~Ni; e�j)�
+jY� ~Ni~��

j2[FFFS(0; ~Ni; e�e) + FFFS(0; ~Ni; e��) + FFFS(0; ~Ni; e�� )]
+3jYu ~Ni~u�L

j2[FFFS(0; ~Ni; euL) + FFFS(0; ~Ni; ecL)]
+3jYu ~Ni~uR

j2[FFFS(0; ~Ni; euR) + FFFS(0; ~Ni; ecR)]
+3jYd ~Ni

~d�
L
j2[FFFS(0; ~Ni; edL) + FFFS(0; ~Ni; esL)]

+3jYd ~Ni
~dR
j2[FFFS(0; ~Ni; edR) + FFFS(0; ~Ni; esR)]

+jYe ~Ni~e�L
j2[FFFS(0; ~Ni; eeL) + FFFS(0; ~Ni; e�L)]

+jYe ~Ni~eR
j2[FFFS(0; ~Ni; eeR) + FFFS(0; ~Ni; e�R)]

)
: (3.26)

Here, the fermion-neutralino-sfermion couplings are:

Yu ~Ni~u�L
= � 1p

2
(gN�

i2 +
g0

3
N�
i1); Yu ~Ni~uR

=
2
p
2

3
g0N�

i1; (3.27)
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Yd ~Ni
~d�
L
=

1p
2
(gN�

i2 �
g0

3
N�
i1); Yd ~Ni

~dR
= �

p
2

3
g0N�

i1; (3.28)

Ye ~Ni~e�L
=

1p
2
(gN�

i2 + g0N�
i1); Ye ~Ni~eR

= �
p
2g0N�

i1; (3.29)

Y� ~Ni~��
=

1p
2
(�gN�

i2 + g0N�
i1); (3.30)

Yt ~Ni~t�j
= L�

~tj
Yu ~Ni~u�L

�R�
~tj
N�
i4yt; Yt ~Ni~tj

= R~tjYu ~Ni~uR
� L~tjN

�
i4yt; (3.31)

Yb ~Ni
~b�j
= L�

~bj
Yd ~Ni

~d�
L
�R�

~bj
N�
i3yb; Yb ~Ni

~bj
= R~bj

Yd ~Ni
~dR
� L~bj

N�
i3yb; (3.32)

Y� ~Ni~�
�
j
= L�

~�j
Ye ~Ni~e

�
L
�R�

~�j
N�
i3y� ; Y� ~Ni~�j

= R~�jYe ~Ni~eR
� L~�jN

�
i3y� : (3.33)

The contributions from diagrams involving charginos, chiral fermions and sfermions are:

V
(2)

f ~C ~f 0
=

2X
i=1

(
2X

j=1

�
jY�� ~Ci~��j

j2FFFS(0; eCi; e�j)
+3(jYb ~Ci~t�j j

2 + jYb ~Ci~tj j2)FFFS(b; eCi; etj) + 6Re[Yb ~Ci~t�jYb ~Ci~tj ]mbm ~Ci
FFFS(b;

eCi; etj)
+3(jYt ~Ci~b�j j

2 + jYt ~Ci~bj j2)FFFS(t; eCi; ebj) + 6Re[Yt ~Ci~b�jYt ~Ci~bj
]mtm ~Ci

FFFS(t;
eCi; ebj)�

+(jY� ~Ci~��� j
2 + jY� ~Ci~�� j2)FFFS(�; eCi; e�� ) + 2Re[Y� ~Ci~���Y� ~Ci~��

]m�m ~Ci
FFFS(�;

eCi; e�� )
+3jYd ~Ci~u�Lj

2[FFFS(0; eCi; euL) + FFFS(0; eCi; ecL)]
+3jYu ~Ci ~d�L

j2[FFFS(0; eCi; edL) + FFFS(0; eCi; esL)]
+jYe ~Ci~��e j

2[FFFS(0; eCi; e�e) + FFFS(0; eCi; e��)]
+jY�e ~Ci~e�L j

2[FFFS(0; eCi; eeL) + FFFS(0; eCi; e�L)]
)
: (3.34)

Here, the non-zero fermion-chargino-sfermion couplings are:

Yd ~Ci~u�L
= Ye ~Ci~��e = Y� ~Ci~���

= �gV �
i1; Yu ~Ci ~d�L

= Y�e ~Ci~e�L
= �gU�

i1; (3.35)

Yb ~Ci~t�j
= �L�

~tj
gV �

i1 +R�
~tj
V �
i2yt; Yb ~Ci~tj = L~tjU

�
i2yb; (3.36)

Yt ~Ci~b�j
= �L�

~bj
gU�

i1 +R�
~bj
U�
i2yb; Yt ~Ci~bj = L~bj

V �
i2yt; (3.37)

Y�� ~Ci~��j
= �L�

~�jgU
�
i1 +R�

~�jU
�
i2y� ; Y� ~Ci~�� = y�U

�
i2: (3.38)

The contributions from diagrams involving Higgs scalars and Standard Model fermions are:

V
(2)
ff�0

=
1

2

X
�0

�
3y2t [jku�0 j2FFFS(t; t; �0) + (ku�0)

2m2
tFFFS(t; t; �

0)]

+3y2b [jkd�0 j2FFFS(b; b; �0) + (kd�0)
2m2

bFFFS(b; b; �
0)]

+y2� [jkd�0j2FFFS(�; �; �0) + (kd�0)
2m2

�FFFS(�; �; �
0)]
�
; (3.39)

V
(2)
ff 0�� =

X
��

�
3(y2t k

2
u�+ + y2bk

2
d�+)FFFS(t; b; �

�) + 6ku�+kd�+ytybmtmbFFFS(t; b; �
�)

+y2�k
2
d�+FFFS(0; �; �

�)
�
: (3.40)
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The contributions from diagrams which involve a Higgs scalar propagator and two chargino

and/or neutralino propagators are:

V
(2)
~C ~C�0

=
2X

i;j=1

X
�0

�
jY ~C+

i
~C�
j
�0j2FFFS( eCi; eCj; �

0)

+Re[Y ~C+

i
~C�j �

0Y ~C+

j
~C�i �

0]m ~Ci
m ~Cj

FFFS(
eCi; eCj; �

0)
�
; (3.41)

V
(2)
~N ~N�0

=
1

2

4X
i;j=1

X
�0

�
jY ~Ni

~Nj�
0 j2FFFS( ~Ni; ~Nj; �

0)

+Re[(Y ~Ni
~Nj�

0)2]m ~Ni
m ~Nj

FFFS(
~Ni; ~Nj; �

0)
�
; (3.42)

V
(2)
~C ~N��

=
2X
i=1

4X
j=1

X
��

�
(jY ~C+

i
~Nj��

j2 + jY ~C�
i

~Nj�+
j2)FFFS( eCi; ~Nj; �

�)

+2Re[Y ~C+

i
~Nj�

�Y ~C�i
~Nj�

+]m ~Ci
m ~Nj

FFFS(
eCi; ~Nj; �

�)
�
; (3.43)

where the necessary couplings are:

Y ~C+

i
~C�
j
�0 = � gp

2
[k�d�0V

�
i1U

�
j2 + k�u�0V

�
i2U

�
j1]; (3.44)

Y ~Ni
~Nj�0

=
1

2
(gN�

i2 � g0N�
i1)(k

�
u�0N

�
j4 � k�d�0N

�
j3) + (i$ j); (3.45)

Y ~C+

i
~Nj��

= ku�+
h
gV �

i1N
�
j4 +

1p
2
V �
i2(gN

�
j2 + g0N�

j1)
i
; (3.46)

Y ~C�i
~Nj�

+ = kd�+
h
gU�

i1N
�
j3 �

1p
2
U�
i2(gN

�
j2 + g0N�

j1)
i
: (3.47)

3.5 SSV -diagram contributions

In this subsection I list the contributions to the MSSM two-loop e�ective potential coming

from diagrams involving one vector and two scalar propagators. These all involve the function

FSSV (x; y; z).

The contributions from diagrams involving the gluon and squarks are:

V
(2)
~q~qg = 2g23

X
~q

FSSV (eq; eq; 0): (3.48)

The contributions from diagrams involving the photon and sfermions are:

V
(2)
~f ~f

=
g2g02

2(g2 + g02)

X
~f

n ~fQ
2
~fFSSV (

ef ; ef ; 0): (3.49)

Here Q ~f denotes the electric charge of the sfermion.
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The contributions from diagrams involving the W;Z bosons and sfermions are:

V
(2)
~f ~fZ

=
1

24(g2 + g02)

(
(3g2 � g02)2[FSSV (euL; euL; Z) + FSSV (ecL; ecL; Z)]

+(3g2 + g02)2[FSSV ( edL; edL; Z) + FSSV (esL; esL; Z)]
+16g04[FSSV (euR; euR; Z) + FSSV (ecR; ecR; Z)]
+4g04[FSSV ( edR; edR; Z) + FSSV (esR; esR; Z)]
+3(g2 � g02)2[FSSV (eeL; eeL; Z) + FSSV (e�L; e�L; Z)]
+3(g2 + g02)2[FSSV (e�e; e�e; Z) + FSSV (e��; e��; Z) + FSSV (e�� ; e�� ; Z)]
+12g04[FSSV (eeR; eeR; Z) + FSSV (e�R; e�R; Z)]
+

2X
i;j=1

j(3g2 � g02)L~tiL
�
~tj
� 4g02R~tiR

�
~tj
j2FSSV (eti; etj; Z)

+
2X

i;j=1

j(3g2 + g02)L~bi
L�
~bj
� 2g02R~bi

R�
~bj
j2FSSV (ebi; ebj; Z)

+3
2X

i;j=1

j(g2 � g02)L~�iL
�
~�j
� 2g02R~�iR

�
~�j
j2FSSV (e�i; e�j ; Z)

)
; (3.50)

V
(2)
~f ~f 0W

=
g2

2

�
3FSSV (euL; edL;W ) + 3FSSV (ecL; esL;W ) + 3

2X
i;j=1

jL~tiL~bj
j2FSSV (eti; ebj;W )

+FSSV (e�e; eeL;W ) + FSSV (e��; e�L;W ) +
2X
i=1

jL~�ij2FSSV (e�� ; e�i;W )
�
: (3.51)

The contributions from diagrams involving Higgs scalars and electroweak gauge bosons are:

V
(2)
����

=
g2g02

2(g2 + g02)

�
FSSV (H

�;H�; 0) + FSSV (G
�; G�; 0)

�
; (3.52)

V
(2)
����Z

=
(g2 � g02)2

8(g2 + g02)

�
FSSV (H

�;H�; Z) + FSSV (G
�; G�; Z)

�
; (3.53)

V
(2)
�0�0Z

=
g2 + g02

8

�
(c�c�0 + s�s�0)

2
h
FSSV (h

0; A0; Z) + FSSV (H
0; G0; Z)

i
+(s�c�0 � c�s�0)

2
h
FSSV (h

0; G0; Z) + FSSV (H
0; A0; Z)

i�
; (3.54)

V
(2)
�0��W

=
g2

4

�
(c�c�� + s�s��)

2
h
FSSV (h

0;H�;W ) + FSSV (H
0; G�;W )

i
+(s�c�� � c�s��)

2
h
FSSV (h

0; G�;W ) + FSSV (H
0;H�;W )

i
+(c�0c�� + s�0s��)

2
h
FSSV (A

0;H�;W ) + FSSV (G
0; G�;W )

i
+(s�0c�� � c�0s��)

2
h
FSSV (A

0; G�;W ) + FSSV (G
0;H�;W )

i�
: (3.55)
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3.6 V S-diagram contributions

In this subsection, I list the contributions coming from diagrams with one vector and one scalar

propagator. These all involve the function FV S(x; z). This function vanishes when the vector

squared mass variable x is zero, so only the W and Z bosons contribute.

The contributions from diagrams with one electroweak gauge boson and one Higgs scalar

propagator are:

V
(2)
W� =

g2

4

X
�0

FV S(W;�0) +
g2

2

X
��

FV S(W;��); (3.56)

V
(2)
Z� =

g2 + g02

8

X
�0

FV S(Z; �
0) +

(g2 � g02)2

4(g2 + g02)

X
��

FV S(Z; �
�): (3.57)

The contributions from diagrams with one electroweak gauge boson and one sfermion prop-

agator are:

V
(2)

W ef = g2
X
~f

n ~f jx ~f jFVS(W; ~f); (3.58)

V
(2)

Z ef =
1

12(g2 + g02)

(
16g04

h
FV S(Z; euR) + FV S(Z; ecR) + jR~t1j2FV S(Z; et1) + jR~t2j2FV S(Z; et2)i

+(3g2 � g02)2
h
FV S(Z; euL) + FV S(Z; ecL) + jL~t1j2FV S(Z; et1) + jL~t2j2FV S(Z; et2)i

+4g04
h
FV S(Z; edR) + FV S(Z; esR) + jR~b1

j2FV S(Z; eb1) + jR~b2
j2FV S(Z; eb2)i

+(3g2 + g02)2
h
FV S(Z; edL) + FV S(Z; esL) + jL~b1

j2FV S(Z; eb1) + jL~b2
j2FV S(Z; eb2)i

+12g04
h
FV S(Z; eeR) + FV S(Z; e�R) + jR~�1j2FV S(Z; e�1) + jR~�2j2FV S(Z; e�2)i

+3(g2 � g02)2
h
FV S(Z; eeL) + FV S(Z; e�L) + jL~�1j2FV S(Z; e�1) + jL~�2j2FV S(Z; e�2)i

+3(g2 + g02)2
h
FV S(Z; e�e) + FV S(Z; e��) + FV S(Z; e�� )i

)
: (3.59)

3.7 V V S-diagram contributions

The contributions from diagrams with one scalar and two vector propagators are:

V
(2)
V V S =

g2g02

2(g2 + g02)

n
(c��vd + s��vu)

2
h
g2FV V S(W; 0; G�) + g02FV V S(W;Z;G�)

i
+(c��vu � s��vd)

2
h
g2FV V S(W; 0;H�) + g02FV V S(W;Z;H�)

io
+
1

8
(c�vu � s�vd)

2
h
(g2 + g02)2FV V S(Z;Z; h

0) + 2g4FV V S(W;W;h0)
i

+
1

8
(c�vd + s�vu)

2
h
(g2 + g02)2FV V S(Z;Z;H

0) + 2g4FV V S(W;W;H0)
i
: (3.60)
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3.8 FFV -diagram and FFV -diagram contributions

In this section I list the contributions from diagrams with one vector boson and two fermion

propagators. These include cases with no chirality-ipping mass insertion [involving the function

FFFV (x; y; z)] and those with two such mass insertions on di�erent propagators [involving the

function FFFV (x; y; z)].

The contributions from diagrams with two Standard Model fermions and one vector boson

are:

V (2)
qqg = 4g23

h
FFFV (t; t; 0)�m2

tFFFV (t; t; 0) + FFFV (b; b; 0)�m2
bFFFV (b; b; 0)

i
; (3.61)

V
(2)
ff =

g2g02

g2 + g02

�
4

3
[FFFV (t; t; 0)�m2

tFFFV (t; t; 0)]

+
1

3
[FFFV (b; b; 0)�m2

bFFFV (b; b; 0)] + FFFV (�; �; 0)�m2
�FFFV (�; �; 0)

�
; (3.62)

V
(2)
ffZ =

1

24(g2 + g02)

�
(51g4 + 6g2g02 + 83g04)FFFV (0; 0; Z)

+(9g4 � 6g2g02 + 17g04)FFFV (t; t; Z) + 8g02(3g2 � g02)m2
tFFFV (t; t; Z)

+(9g4 + 6g2g02 + 5g04)FFFV (b; b; Z) + 4g02(3g2 + g02)m2
bFFFV (b; b; Z)

+(3g4 � 6g2g02 + 15g04)FFFV (�; �; Z) + 12g02(g2 � g02)m2
�FFFV (�; �; Z)

�
; (3.63)

V
(2)
ff 0W =

g2

2

"
3FFFV (t; b;W ) + FFFV (�; 0;W ) + 8FFFV (0; 0;W )

#
: (3.64)

The contributions from diagrams involving charginos and/or neutralinos and electroweak

vector bosons are:

V
(2)
~C ~C

=
g2g02

g2 + g02

2X
i=1

�
FFFV ( eCi; eCi; 0) �m2eCiFFFV ( eCi; eCi; 0)

�
; (3.65)

V
(2)
~N ~NZ

=
g2 + g02

2

4X
i;j=1

�
jO00L

ij j2FFFV ( ~Ni; ~Nj; Z) + (O
00L
ij )

2m ~Ni
m ~Nj

FFFV (
~Ni; ~Nj ; Z)

�
; (3.66)

V
(2)
~C ~CZ

=
g2 + g02

2

2X
i;j=1

�
(jO0L

ij j2 + jO
0R
ij j2)FFFV ( eCi; eCj; Z)

�2O0L
ij O

0R�
ij meCimeCjFFFV ( eCi; eCj ; Z)

�
; (3.67)

V
(2)
~N ~CW

= g2
4X
i=1

2X
j=1

�
(jOL

ij j2 + jOR
ij j2)FFFV ( ~Ni; eCj;W )

�2Re[OL
ijO

R�
ij ]m ~Ni

meCjFFFV ( ~Ni; eCj;W )
�
: (3.68)

where the necessary couplings are:

O
00L
ij = �1

2
Ni3N

�
j3 +

1

2
Ni4N

�
j4; (3.69)
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O
0L
ij = �Vi1V �

j1 �
1

2
Vi2V

�
j2 +

g02

g2 + g02
Æij; (3.70)

O
0R
ij = �U�

i1Uj1 � 1

2
U�
i2Uj2 +

g02

g2 + g02
Æij; (3.71)

OL
ij = Ni2V

�
j1 �

1p
2
Ni4V

�
j2; (3.72)

OR
ij = N�

i2Uj1 +
1p
2
N�
i3Uj2: (3.73)

There is also a contribution involving gluon and gluino propagators:

V
(2)
~g~gg = 12g23

h
FFFV (eg; eg; 0)� jM3j2FFFV (eg; eg; 0)i : (3.74)

This is independent of the VEVs vu and vd, and therefore is irrelevant to the minimization

of the e�ective potential. However, it is Q-dependent, and therefore must be included when

renormalization group consistency is checked.

3.9 Pure gauge contributions

The contributions involving only vector and ghost �elds are

V (2)
gauge =

g2

2(g2 + g02)

h
g02Fgauge(W;W; 0) + g2Fgauge(W;W;Z)

i
: (3.75)

This concludes the list of contributions to the two-loop e�ective potential in the MSSM.

Partial results for the two-loop contributions in the approximation that g, g0, y� , and a� vanish

and there are no CP-violating phases had previously been given in [9]-[11]. (Applications of

these results to the Higgs scalar boson mass spectrum have been made in refs. [24]-[27].) The

two-loop contributions to the e�ective potential involving only Standard Model �elds were given

in [17], but in the MS scheme, which is not convenient for the supersymmetric extension.

4 Supersymmetric limits

The results of section 3 can be checked by considering non-realistic limits in which supersymme-

try is restored. Unbroken global supersymmetry requires that the e�ective potential vanishes.

One such limit occurs if all supersymmetry breaking parameters are 0, and vu = vd = 0. The

only massive particles in the theory are then the members of the Higgs supermultiplets, with a

common squared mass x = j�j2. The one-loop e�ective potential is easily seen to vanish, since

it is a supertrace over the squared masses. From the results of section 3, one �nds that:

V (2) =
3g2 + g02

2

h
FSS(x; x) + 4FFFS(0; x; x) + FSSV (x; x; 0) + FFFV (x; x; 0)� xFFFV (x; x; 0)

i
+2(3y2t + 3y2b + y2� )

h
xFSSS(0; 0; x) + FFFS(0; 0; x) + 2FFFS(0; x; 0)

i
: (4.1)
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Each of the quantities in brackets indeed vanishes, using the expressions in ref. [13].

Another way of maintaining supersymmetry is to again make all supersymmetry-breaking

parameters 0, but now also require � = 0, and take the VEVs along a D-at direction vu =

vd. The parameters g; g0; g3; yt; yb; y� remain arbitrary. Then one �nds that V (0) = V (1) = 0.

However, the two-loop contribution from section 3 does not vanish:

V (2) =
g2 + g02

8

h
3J(m2

t )� 3J(m2
b)� J(m2

�)
i2
; (4.2)

where

J(x) = x
h
ln(x=Q2)� 1

i
: (4.3)

This might seem to violate the lore that if supersymmetry is not broken at tree-level, it remains

unbroken in perturbation theory. The resolution is that the classical D-at condition vu = vd is

perturbed, because of the isospin violation of the Yukawa couplings. The true at direction is

parameterized by:

v2u = v2d +
1

16�2

h
3J(m2

t )� 3J(m2
b)� J(m2

�)
i
: (4.4)

One then �nds that Ve� is indeed 0 up to terms of three-loop order; V (0), V (1), V (2) contribute

to Ve� in the ratio 1 : �2 : 1.

5 Scale dependence of the e�ective potential and running

of �, vu and vd

An important consistency check on the e�ective potential formalism is that the value of Ve�,

being a physical quantity, should be independent of the arbitrary choice of renormalization scale

Q. In the MSSM, the equation which expresses this is:

Q
d

dQ
Ve� =

"
Q

@

@Q
+
X
�

��
@

@�
� 

(S)
Hu
vu

@

@vu
� 

(S)
Hd
vd

@

@vd

#
Ve� = 0: (5.1)

Here � represents all of the running DR
0
parameters of the theory (except the VEVs), and


(S)
Hu
; 

(S)
Hd

are the anomalous dimensions of the Higgs scalar �elds in Landau gauge. Note that

these anomalous dimensions are gauge-dependent, and di�er from the anomalous dimensions of

the chiral super�elds, because of gauge �xing. (See for example refs. [28] and [29].) Using the

general formulas given in ref. [13], I obtain:


(S)
Hu

=
1

16�2

(S;1)
Hu

+
1

(16�2)2

(S;2)
Hu

; (5.2)


(S)
Hd

=
1

16�2

(S;1)
Hd

+
1

(16�2)2

(S;2)
Hd

; (5.3)
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where


(S;1)
Hu

= 3Tr[Yy
uYu]� 3

4
g2 � 1

4
g02; (5.4)


(S;2)
Hu

= �9Tr[Yy
uYuY

y
uYu]� 3Tr[Yy

uYuY
y
dYd] + (16g23 +

4

3
g02)Tr[Yy

uYu]

+3g4 +
3

4
g2g02 +

23

8
g04; (5.5)


(S;1)
Hd

= 3Tr[Yy
dYd] + Tr[Yy

eYe]� 3

4
g2 � 1

4
g02; (5.6)


(S;2)
Hd

= �9Tr[Yy
dYdY

y
dYd]� 3Tr[Yy

uYuY
y
dYd]� 3Tr[Yy

eYeY
y
eYe]

+(16g23 �
2

3
g02)Tr[Yy

dYd] + 2g02Tr[Yy
eYe] + 3g4 +

3

4
g2g02 +

23

8
g04: (5.7)

The DR
0
VEVs run with renormalization scale according to:

Q
dvu
dQ

= �(S)Hu
vu; (5.8)

Q
dvd
dQ

= �(S)Hd
vd: (5.9)

The DR
0
two-loop beta functions for all of the MSSM parameters can be foundy in ref. [30].

The exception is the renormalization group running of the DR
0
�eld-independent vacuum energy,

which can be obtained from ref. [13]:

�� =
1

16�2
�
(1)
� +

1

(16�2)2
�
(2)
� ; (5.10)

�
(1)
� = 2(m2

Hu
)2 + 2(m2

Hd
)2 + 4j�j2(m2

Hu
+m2

Hd
) + 4jbj2

+Tr[6m2
Qm

2
Q+ 2m2

Lm
2
L+ 3m2

um
2
u + 3m2

dm
2
d +m2

em
2
e]

�jM1j4 � 3jM2j4 � 8jM3j4; (5.11)

�
(2)
� = 44g02jM1j4 + 36g2jM2j4 + j�j2

�
24g2jM2j2 + 8g02jM1j2

�
+(6g2 + 2g02)

n
2j�j2(m2

Hu
+m2

Hd
) + (m2

Hu
)2 + (m2

Hd
)2 + 2jbj2 + Tr[m2

Lm
2
L]
o

+(32g23 + 18g2 +
2

3
g02)Tr[m2

Qm
2
Q] + (16g23 +

16

3
g02)Tr[m2

um
2
u]

+(16g23 +
4

3
g02)Tr[m2

dm
2
d] + 4g02Tr[m2

em
2
e]

�(12g2M2 + 4g02M1)b
��� (12g2M�

2 + 4g02M�
1 )b�

�

�12Tr[Yy
uYu]

n
(m2

Hu
)2 + j�j2(2m2

Hu
+m2

Hd
) + jbj2

o
�(12Tr[Yy

dYd] + 4Tr[Yy
eYe])

n
(m2

Hd
)2 + j�j2(2m2

Hd
+m2

Hu
) + jbj2

o
yThe parameters au, ad, ae, and b in the present paper were represented by the symbols hu, hd, he and B

in ref. [30]. That reference also has an obvious overall minus sign error in the speci�cation of the MSSM soft

Lagrangian; L should be �L in eqs. (4.2) and (4.3). The results given in that paper are actually in the DR
0

scheme, although not explicitly identi�ed as such at the time (see the \Note added").
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�12Tr[m2
Qm

2
Q(Y

y
uYu +Yy

dYd)]� 12Tr[m2
um

2
uYuY

y
u]� 12Tr[m2

dm
2
dYdY

y
d]

�4Tr[m2
Lm

2
LY

y
eYe]� 4Tr[m2

em
2
eYeY

y
e]

�j�j2
n
12Tr[m2

Q(Y
y
uYu +Y

y

dYd)] + 12Tr[m2
uYuY

y
u]

+12Tr[m2
dYdY

y
d] + 4Tr[m2

LY
y
eYe] + 4Tr[m2

eYeY
y
e]
o

�12Tr[m2
Q(a

y
uau + a

y
dad)]� 12Tr[m2

uaua
y
u]� 12Tr[m2

dada
y
d]

�4Tr[m2
La

y
eae]� 4Tr[m2

eaea
y
e]� 12Tr[ayuau](m

2
Hu

+ j�j2)
�(12Tr[aydad] + 4Tr[ayeae])(m

2
Hd

+ j�j2)� 12Tr[Yy
uau]�b

� � 12Tr[ayuYu]�
�b

�(12Tr[Yy
dad] + 4Tr[Yy

eae])�b
� � (12Tr[aydYd] + 4Tr[ayeYe])�

�b: (5.12)

Using these equations, I have checked that the e�ective potential found in section 3 is indeed

renormalization scale-invariant at two-loop order. This demonstration is tedious and omitted.

6 A numerical example

I now present a quasi-realistic numerical example, to illustrate the results above. As a template

model, I choose parameters at a renormalization scale Q0 = 640 GeV:

g0 = 0:36; g = 0:65; g3 = 1:06; yt = 0:90; yb = 0:13; y� = 0:10;

M1 = 150; M2 = 280; M3 = 800; at = �600; ab = �150; a� = �40 GeV;

m2
Q1;2

= (780)2; m2
u1;2

= (740)2; m2
d1;2

= (735)2; m2
L1;2

= (280)2; m2
e1;2

= (200)2 GeV2;

m2
Q3

= (700)2; m2
u3
= (580)2; m2

d3
= (725)2; m2

L3
= (270)2; m2

e3
= (195)2 GeV2;

m2
Hu

= �(500)2; m2
Hd

= (270)2 GeV2 (6.1)

and

� = 504:1811202 GeV; b = (184:2202586 GeV)2: (6.2)

The last two values are engineered so that the minimum of the full 2-loop e�ective potential

found in section 3 is:

vu(Q0) = 172 GeV; vd(Q0) = 17:2 GeV: (6.3)

One way to test the accuracy of the e�ective potential is by checking scale invariance. While

I have done this analytically at two-loop order as described in section 5, in practice the neglected

e�ects of higher order can be quite signi�cant. To study this, I run the Lagrangian parameters of

eqs. (6.1),(6.2) from the template scaleQ0 to another scaleQ, using the two-loop renormalization

group equations of ref. [30]. The minimum of the e�ective potential at this new scale is found
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Figure 2: Comparison of the values of v(Q) and tan�(Q) as a test of renormalization scale invariance.
The solid lines are values obtained directly from minimization of the two-loop e�ective potential at
the scale Q, using Lagrangian parameters run from Q0 = 640 GeV. The dashed lines are the result
obtained by renormalization group running of the template VEVs of eq. (6.3) from Q0 to Q using
eqs. (5.8),(5.9). The discrepancy is due to e�ects at three loop order and beyond.

numerically. The resulting VEVs are compared to the values obtained by running the values of

eq. (6.3) for vu and vd obtained at Q0 to Q using eqs. (5.8),(5.9). The results of this comparison

are shown in terms of the running quantities:

v(Q) �
q
v2u + v2d; tan �(Q) � vu=vd (6.4)

in �gure 2. The good news is that the comparison of v(Q) obtained by the two methods shows

agreement to better than 0.5% for a signi�cant range of scales Q near the template scale Q0

(which is approximately
p
m~t1m~t2), and the comparison of tan � is good to better than 0:1%.

However, near Q0 the slopes of v(Q) found by the two methods actually have the opposite

sign! This surprising sensitivity to higher-loop e�ects is a consequence of the shallowness of the

scalar potential along the direction vu=vd � tan �. In contrast, higher-loop contributions have

relatively much less e�ect on vu=vd, since that corresponds to a much steeper direction of the

potential.

An aside: the cusp-like feature found near Q = 463 GeV occurs because, at that scale, the

tree-level squared mass of h0 at the minimum of the two-loop e�ective potential goes through 0;

it is positive for all larger Q. This leads to signi�cant numerical e�ects because of the appearance

of terms involving ln(m2
h0) in the e�ective potential:

V (1) =
1

4
(m2

h0)
2ln(m2

h0=Q
2) + : : : ; (6.5)

V (2) = m2
h0

h
c1ln(m

2
h0=Q

2) + c2ln
2(m2

h0=Q
2)
i
+ : : : : (6.6)
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Figure 3: Comparisons of the values and scale dependence of the VEV parameters v and tan� found
by minimizing the e�ective potential in di�erent approximations. The label \min" refers to values
obtained by direct minimization at Q, and \run" means obtained by running the template values of
eq. (6.3) from Q0. The solid lines follow from the full two-loop e�ective potential found in section 3 of
the present paper. The dashed lines represent the one-loop approximation, and the dot-dashed lines
the partial two-loop approximation of refs. [9]-[11].

where c1 and c2 have dimensions of (mass)2. Thus Ve� is well-de�ned in the limit m2
h0 ! 0.

However, while the �rst derivatives of V (1) with respect to vu and vd are �nite, the �rst derivatives

of V (2) have logarithmic and double-logarithmic divergences in that limit.

A comparison of the full two-loop e�ective potential to previous approximations is shown

in �gure 3. The graphs show the ratios vmin=vrun and tan �min= tan �run, where \min" means

obtained by direct minimization at Q, and \run" means obtained by running the template

values of vu, vd in eq. (6.3) from Q0 to Q. This shows that the full two-loop e�ective potential

indeed mitigates the scale dependence, and changes the value found for v compared to the

previous state-of-the-art approximation in refs. [9]-[11] by nearly 1:5% in this example.

A di�erent way to look at things, which may be closer to the situation we will face when

confronted with experiment, is to view vu and vd as input data rather than output parameters,

and use the two minimization conditions of the e�ective potential to extract values for two

other parameters. Since vu and vd are especially sensitive to radiative corrections because of the

shallowness of the potential, treating them as among the known quantities is advantageous. Here

I will follow the commonplace procedure of treating b and � as the unknowns to be solved for,

with given values of vu, vd and all the other Lagrangian parameters. (In reality, it seems clear that

global �ts to various observables will have to be conducted, since no more direct measurement

of m2
Hu

and m2
Hd

is possible.) In �gure 4, I have graphed the ratios of �min=�run and bmin=brun,

where \min" means that the e�ective potential at Q is required to be minimized, using values
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Figure 4: Comparisons of the values and scale-dependence of the parameters � and b obtained by
requiring the e�ective potential to be minimized. The label \min" refers to values obtained by running
the Lagrangian parameters of eq. (6.1) and VEVs of eq. (6.3) to Q, and \run" means obtained by
running the template values for �, b of eq. (6.2) from Q0 to Q. The solid lines follow from the full
two-loop e�ective potential found in section 3. The dashed lines represent the one-loop approximation,
and the dot-dashed lines the partial two-loop approximation of refs. [9]-[11].

obtained by running the Lagrangian parameters of eq. (6.1) and VEVs of eq. (6.3) from Q0 to Q,

while \run" means those obtained by running the template values for �, b of eq. (6.2) from Q0

to Q using two-loop renormalization group equations. In each case, the full two-loop results are

compared to those obtained using one-loop and partial two-loop approximations for the e�ective

potential. In this model, the scale-dependences of � and b are less than a few hundredths of a

percent, using the full two-loop potential over a wide range of scales Q.

7 Outlook

In this paper, I have presented the complete two-loop e�ective potential for the MSSM in the

Landau gauge and the DR
0
scheme.

The two-loop e�ective potential found here can, in principle, be renormalization-group im-

proved [31] to sum leading and sub-leading logarithms of ratios of di�erent mass scales. However,

the logarithmic contributions to the e�ective potential are typically not overwhelming compared

to the non-logarithmic ones. Renormalization group improvement does give an improved scale

dependence, because that is what it is designed to do. However, improved scale-independence

does not always imply improved accuracy; it is a necessary but not suÆcient criterion. There-

fore, the eÆcacy of further renormalization-group improvement of the MSSM e�ective potential

on top of the full two-loop result is unclear to me.
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If supersymmetry is part of the new physics associated with electroweak symmetry breaking,

then these results will be part of a program to �t accurately experimental data to underlying

Lagrangian parameters. Other parts of this program will require more precise calculations of

the superpartner and Higgs scalar physical masses. Of particular importance is an improved

calculation of the physical h0 mass, which is well-known to be highly sensitive to radiative

corrections. Unfortunately, m2
h0 cannot simply be obtained by taking the second derivatives of

the e�ective potential found here, because of important wave-function renormalization e�ects.

The calculation described here can be extended to various non-minimal versions of supersym-

metry, for example those with additional singlet �elds. This can be done as a straightforward

application of ref. [13] for a general theory. The fact that h0 was not discovered at LEP may be

taken as support for the importance of considering such models.

This work was supported in part by the NSF grant number PHY-9970691.
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